REVERSE CARLESON MEASURES IN HARDY SPACES 

ANDREAS HARTMANN, XAVIER MASSANEDA, ARTUR NICOLAU, & JOAQUIM ORTEGA-CERDA 

Abstract. We give a necessary and sufficient condition for a measure /i in the closed unit disk 
to be a reverse Carleson measure for Hardy spaces. This extends a previous result of Lefevre, 
Li, Queffelec and Rodriguez-Piazza ]LLQR| . We also provide a simple example showing that the 
analogue for the Paley- Wiener space does not hold. This example can be generalised to model 
spaces associated to one-component inner functions. 
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P^ ■ 1. Introduction 

u 

For 1 < p < oo let H p be the Hardy space on the unit disk D equipped with its usual norm 

/ /-27T JQ \ VP 

11/11, = ( sup / \f(re* e )\ p -) . 

\r<\ Jo ^ J 

Denote by M + (D) the set of positive, finite Borel measures supported on D, and let p e M + (D). 
A well known theorem by Carleson (see UGarl Chap.I Th. 5.6]) states that H p embeds into 
LP(B,/x): 

d.i) II/II^cm < ll/Hp, feH p , 

if and only if p satisfies the Carleson condition: there exists C > such that for all arcs / in <9B 

(1.2) piSj) < C\I\, 

where Si = {z G © : 1 — |/| < \z\ < l,z/\z\ E 1} is the usual Carleson window. This theorem 
has been extended to several other spaces, like Bergman, Fock, model spaces etc., and we refer 



the reader to the huge bibliography on this topic for further information. 

Note that H p contains a dense set of continuous functions for which the embedding (11.11) still 
makes sense when the measure has a part supported on the boundary. Then (|1.2I) implies that 
the restriction of the measure \x to the boundary has to be absolutely continuous with respect to 
Lebesgue measure and with bounded Radon-Nikodym derivative. It is thus possible to consider 
more generally positive, finite Borel measures supported on the closed unit disk: M + (D). 

Here, we are interested in reverse Carleson inequalities ||/|| p < ||/|| L pm M ), / G C(D) n 



H P (D), 1 < p < oo. In [LLQR| Lefevre et al. proved that when p is already a Carleson measure 
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these hold if and only it there exists C > such that for all arcs / C 9D 

KSi)>c\i\. 

Our elementary proof actually shows that the reverse inequalities hold without the Carleson 
condition. It turns out that the interesting part of the measure has to be supported on the boundary, 
while the part supported in the disk can be dropped. 

The embedding problem is closely related with the reproducing kernel thesis: if the embedding 
holds on the reproducing kernels, then it actually holds for every function. We also show that the 
reproducing kernel thesis holds for the reverse Carleson embedding. 

Finally, we provide a simple example showing that the analogous reproducing kernel thesis 
for the reverse embedding in the Paley-Wiener space does not hold. The construction can be 
generalised to model spaces associated to one-component inner functions. 

We shall use the following standard notation: / < g means that there is a constant C indepen- 
dent of the relevant variables such that / < Cg, and f — g means that / < g and g < /. 

2. Main result 



For 1 < p < oo and A G D consider the reproducing kernel in H 

k x (z) = - — =^, zeB, 

1 — Xz 
and its normalised companion 

kx 



v 



K,:- 



\\k\\\p 
A standard computation shows that \\k\\\ p — (1 — |A|) _1 / p , where \jp + 1/p' = 1. 

Our main result reads as follows. 
Theorem 2.1. Letl < p < oo and let /j, G M + (D). Then the following assertions are equivalent: 
(1) There exists C\ > such that for every function f G H p fl C(D), 



\f\ p dti > C 



(2) There exists C 2 > such that for every A G D, 

\K x \ p dfi > C 2 , 

(3) There exists C 3 > such that for every arc I C <9B, 

li(Si) > C 3 \I\ . 

(4) There exists C 4 > such that the Radon-Nikodym derivative of [i\qo with respect to the 
length measure is bounded below by C4. 

Observe that in this theorem we do not require absolute continuity of the restriction fi\dn- 
Still, if we want to extend (1) to the entire fP-space, then, in order that J^ \f\ p djj, makes sense 
for every function in H p , we need to impose absolute continuity on p\go. Note that the integral 



REVERSE CARLESON MEASURES IN HARDY SPACES 3 

Jju \f\ p dfj, can be infinite for certain / G H p when the Radon-Nikodym derivative of /j,\qb is not 
bounded. 

Proof. (1) => (2) is clear. 

(3) => (4). Take h > so that |I|//i is a large integer N and consider the modified Carleson 
window 

S I>h = {z G 1 : 1 - h < \z\ < 1, */|z| e J ) • 

Split / into N subarcs I k such that \I k \ = h (and hence S Ikyh = S Ik ). Then 

N N N 

n(Si*) = MU **,*) = UtiSi**) > c a ^2\i h \ = c 3 \i\. 

fc=l fc=l fc=l 

Now, for every open set O in D for which I C O there exists /i > such that SV,h C O. Since 
jjl G M + (D~) is outer regular (see [IRul Theorem 2.18]) we thus have 

H(I)= inf _fi(0)>mffi(S Ith )>C 3 \I\. 

ICO open in D h>0 

We deduce that the Lebesgue measure on dH) denoted by m is absolutely continuous with re- 
spect to the restriction of jjl to <9B and that the corresponding Radon-Nikodym derivative of fx is 
bounded below by C 3 . In particular one can choose C 4 = C7 3 . 

(4) => (1) Clearly, for all / G # p , 



|/|*d/*> / \f\ p dn>cJ \ffdm = C A \\f\\* 

JdO JdO 



(in particular, one can choose C\ = C 4 ). 

(2) =>• (3). By hypothesis, integrating over Si ih with respect to area measure dA on D we get 

C 2 \I\ x h < I f_\K x \ p dfidA(X) ~ / f ( 1- I A 1) PP dA(\)dfi(z). 

J Si ih Jo Jo JSi jh |1 — Az| p 

Set 

Vh{z) = T / m t- i rfA ( A ) = T / „ t- i dA W, 



hJ Slh \1-\z\p hJ Sih |;| -A:|/' 

so that the previous estimate becomes 

(2-1) [<p h (z)dfi(z) > \I\ . 

Jo 

We claim that 

1 ifzel, 



lim u)h(z) , 

h_>o l=° otherwise. 

Indeed, if z ^ /, then there are 8, h > such that for every < h < h and for every A G S7,/i> 
we have 1 1 — Az| > 5 > 0, and the result follows from the estimate 

< <p h ( z ) = I / (J-A^D^dA(X) < P-^^ x (2hy- 1 < hP~\ 
~ h Js Ith \1-Xz\p ~ 5 p h K ' ~ 
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Suppose now that z = e l9 ° G /. Let h < \I\, then setting A = (1 — t)e ld for A G S Ijh we have 

Mz) = t -^ — dA(\)>- / — a h-t)dtd9 

* K h J Sl , h |1 - Xz\p V } ~ h J eiSeI J \e«° - (1 - ty 6 \P K 

> - / / To — —. d9dt 

h Jo J\6-e \<t,ei»a \V ~ Vo\ p + tP 

i rh p fP -l 

> - —dOdt. 



h Jo J\e~e \<t,e ie <ai 2t p 

Since < t < h < \I\ and z = e lt G /, the set {e ld : \6 — 0$\ < t, e ld G 1} contains an interval 
of length at least t/2, we get 

1 f h t t p_1 
<Ph(z) > — / - x dt ~ 1. 

y y ! ~ hj 2 2P 

On the other hand, integrating in polar coordinates, we get 

1 f (l-|A| a r 1 J , / ^ 1 f 1 f1 Jiv-i 



<^(z) = - / ^ ^ dA(X) = - / (1 - ry- 1 / 1 7r - rT -d6rdr 

K> hJ Sih \1-\z\p K) hJ 1 _ h K } 7 7 |l-re^- o)|p 

< - / t p - l ^dt ~ 1. 



ft 7o ^ p/p ' 



Hence yj^ converges pointwise to a function comparable to %j, and ifh is uniformly bounded in 
h. Now, from (12.11 ) and by dominated convergence we finally deduce that 

/jl(I) = / Xidp— / Km <Ph(z)dfi{z) = lim / fh{z)dfi{z) > \I\ . 

Jb- Jo h ^° h ^°Jo 



Remark. The following example shows that the reproducing kernel thesis fails for the reverse 
Carleson inequalities in the Paley -Wiener space PW W , the space of Fourier transforms of square 
integrable functions on [— ir, n]. In Section 2 we will show how it can be adapted to any model 
space associated to a one-component inner function. 

Consider the sequence S = {x n }nez\{o}> where 

{n + 1/8 if n is even 
n — 1/8 if n is odd. 

By the Kadets-Ingham theorem (see e.g. JNikl Theorem D4. 1 .2]) S would be a minimal sampling 
sequence if we added the point 0. Since S is not sampling the discrete measure /i := J2 n ^o ^n 
does not satisfy the reverse inequality ||/||l2(r) < H/Ul^), / £ PW*. 

Let us see that, on the other hand, the /i-norm of the normalised reproducing kernels 

K x (z) = c x smc(n(z - A)) = c ^^* ~ A)) , <£ ~ (1+ | Im ADe"*^, 

TX\Z — A) 
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is uniformly bounded from below. If A is such that | Im A| > 1 then | sin(7r(x n — A))| ~ e 7 "' Im A ' 
and hence 

[\vt m2j r\ V^ 2 sin(7r(x n - A)) 2 ^ |ImA| 

/ K x (x )\*dti(x )=>c A ^— ~2^i T^- 1 ' 

Jc tf n Axn -A f-' x n - A 



n^O 



n^O 



It is thus enough to consider points A G C with | Im A| < 1. Let x no be the point of S closest to 
A; then there is 5 > 0, independent of A, such that 

2 

>5. 

7T(.T„. — A ) 



/* |^ A (o:)| 2 ^(x) = >^ |^ A (^)| 2 > 



7r(x no - A) 



It is interesting to point out that \x is a Carleson measure for PW W , since S 1 is in a strip and 
separated. 

3. Failure in other model spaces 

The previous construction can be generalised to certain model spaces in the disk. The model 
space associated to an inner function is K& = H 2 QH 2 , and the reproducing kernel corre- 
sponding to A G ID) is given by 



ffl , , 1-0 A 02 

kf(z) = - , zeB. 

A particular class of model spaces is given by the so-called one-component inner functions, those 
for which the sub-level set {z G © : |0(V)| < e} is connected for some < s < 1 . 

The Paley -Wiener space corresponds, after a conformal mapping of D into the upper half- 
plane, to the inner function <S>2it(z) = e l2lTZ . More precisely Kq 2it = e lnz PW n . 

Here we show the following result. 

Theorem 3.1. IfQ is a one-component inner function, then the reverse reproducing kernel thesis 
does not hold in K®. 

We refer the reader to [BFGHR] for sufficient conditions for reverse Carleson measures in 
model spaces. 

Let cr(0) denote the spectrum of 0, that is, the set of ( G B such that liminf |0(z)| = 0. 

For one-component inner functions the set <9B \ er(0) is a countable union of arcs where is 
analytic (and on which the argument of increases by 2n). Moreover, for any \a\ = 1, 

E a :={(edB\a(Q):<d(() = a} 

is countable and the system (if® )^„e-B a * s an orthonormal basis of K Q , a so-called Clark basis 
(see JC]], and jBaDyj Section 4] for the material needed here). For such ( G dU) \ cr(0) the 
reproducing kernel is defined as 



e l-8(fl8( S ) 9(0 -9 W 

c w l-(z C-z 
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Its norm is a/I®'(C)I> so that the corresponding normalised reproducing kernel is 

kf k? 



Kf- 



With these elements we follow the scheme of the Paley -Wiener case to prove Theorem 13. II 

Proof. Pick the Clark basis {Kf n )n>o for a = 1 and set 

Cn if n ^ 1 



where we choose £x sufficiently close to Ci ( an d in particular different from ( n , n ^ 1) but 
different from £i, implying in particular (K®,Kf) ^ for every n, so that (-^®)n>o is an 
unconditional basis (see [BaDy]; it is actually not far from being orthogonal). It will be clear 
from the proof below how close to (j we have to choose £i. 

We now consider the measure 

n>0 n>0 

where we have taken away the very first point £ , so that (KfJ n>0 is an incomplete family. No- 
tice that this is a perturbation of the Clark measure a = J2 n >o \\^f n ll -2 ^Cn with one mass point 
deleted. Thus /x is not a reverse Carleson measure since there are functions vanishing in all the 
points £„, n > 0, but not in £ . 



Let us check that the reverse reproducing kernel thesis fails, which, in view of the above, 

(m) 



amounts to find a 5 > such that ||Kf || L 2, ) > 5 for every z EB>. Note that 



(3-D \\Kf\\h M =Etb^tI^)i 2 = Ek*?'*£>i j 

n>l ' lU ^ 



ra>l 



which are just the generalised Fourier coefficients of Kj in K"? , n > 1. 
Let us introduce the following function 

e(Co)-e(z) 2 i i >-' 2 



^):=|(^,^ 



Co 



2 



le^ii-ie^r 



z e 



By the Cauchy-Schwarz inequality ip(z) < 1 for all 26I. Also, since ||i££||2 = ll-^f II2 = L 
the only way to get tp(z) = 1 is that Kf = aKf , \a\ = 1, i.e. 2; = £ - 

Since Co is not in the spectrum, there is a closed neighbourhood C of £ in © on which 6 is 
analytic, which implies that cp is continuous on C. We suppose C small enough that it does not 
contain any other £&, A; 7^ 0, nor ^. 

Introduce the sets 

^:={zeC:|z-Co|<«5} 
and define 

V>(<5) := sup <^(z) 
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Claim: For sufficiently small S the function ip(5) is decreasing, with ^(0) = 1 and ip(5) < 1 
for 5 > 0. 

We postpone the proof of the claim and proceed now to prove that \\Kf Wl 2 ^) > 1- Pick 5 > 
sufficiently small such that ij)($) < 1. We consider two cases. 

Assume first that z £ Us. Pick < s < 1 — ip(5). Since {Co} U {£&}&> l gives rise to a 
perturbation of the orfhonormal Clark basis (-Kf„) n >o> it suffices to choose £ x close enough to Ci 
so that there is < 77 < e such that for every / e i^e (see |BaDy)) 

n>\ 

Then, by dO 

n>l n>l 

> (1 - 77) ||ir 2 e ||2 - ^(z) > (1 - tj) - (1 - e) = e - 77 > 

Assume now that z E Us C C. We will check that on this set it suffices to consider only two 
terms of the sum ipi(z) = \ (Kf, K?}\ 2 and ^2(2) = | (Kf, K?) \ 2 . It is here that we need that 
£1 is a small perturbation of £i which is "not harmonic" with £i, meaning that |(-K^, K?)] 2 ^ 0. 
Indeed </?i and <^ 2 are continuous functions on the compact set U§. Since Us C C, we have 
(f2(z) = 0, z E Us, if and only if z = Co- Now y?i(Co) > so that by a continuity argument we 
conclude that (fi(z) + (f2(z) is strictly bounded away from for z <£ Us, which concludes the 
proof. 

Proof of the Claim. It is clear that ip(§) is decreasing and ^i(O) = 1. 

We prove now that ip(5) < 1 for 5 > 0. Indeed, suppose not, then there is a sequence 
(z n ) n C D \ Us such that y?(-2„) = \(K9, Kf n )\ 2 — > 1 as n — > 00. We can also assume that 
z„4(G clos(dB\E/$). Now (K"®) n is a bounded family, and by the Alaoglu theorem it admits 
a weak convergent subsequence, which in order not to overcharge notation, we can suppose to 
be also indexed by n. Let / be a weak limit of this sequence so that \{K9, f)\ = 1. It is also 
clear that ||/|| 2 = 1. From the same observation as above we can deduce / = aK®, |a| = 1 
(in fact, every weak convergent subsequence has Kf as weak limit). In particular, by the weak 
convergence, for every / E K®, 

/(Co) 




(3-2) f(z n ) x l ,';»' = (f,K?) -> (/,tfg) 



#((oI 



Observe that .Ke contains continuous functions (by a result of Aleksandrov continuous func- 
tions in Kq form actually a dense set in K®, see HCMRl p. 186]). 

Now, if there are two continuous functions /1 and / 2 in i^e such that the vectors (/1 (£) , /1 (Co) ) 
and (/2(C)) /2(Co)) are linearly independent, then we can deduce from (I3.21 i that necessarily, first 

l-kn| 2 1 

i-|e(z n )l 2 ^|e'(Co)l 

and then 

/i(C) = /i(Co) and / 2 (C) = / 2 (Co) 
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which is not possible unless C = Co- 

Let us prove that if C ^ Co then there are two such functions /i, fi. We start by taking two 
linearly independent continuous functions h±, h 2 E Kq. It may happen that (hi(C), /ii(Co)) an d 
(h 2 (C), ^(Co)) are linearly independent and then we are done. If they are linearly dependent, 
then we can find a linear combination / of hi and hi which is not identically and such that 
/(C) = /(( ) = 0. Consider the backward shift operator S*f(z) = /(2) ~ /(0) and recall that 
S*K e C Kq. Observe that if moreover /(0) = then also S*f(C) = S"7(Co) = 0. Hence, 
after sufficiently many applications of S* we can suppose that /(0) ^ 0, /(C) = /(Co) = 0, and, 
renormalising, that /(0) = 1. 

Then g = 5*/ is continuous in Kq and takes two different values g(C) = —( and <?(Co) — "Co- 
Set now h = S* 2 f which takes the values h({) = -( 2 - (ti(0) and h({ ) = -Co" 2 - &/i'(0). 
Then either the vectors (^(C), 9 (Co)) an d (h(C), h(Co)) are linearly independent (and we are done) 
or they are not, in which case the solution of the linear dependence gives C = Co- B 
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